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Abstract: In this paper, we examine the theoretical cost function equivalence between Model Predictive Control (MPC)
and Linear-Quadratic Gaussian (LQG) control, as well as Linear-Quadratic Regulator (LQR) control under specific
conditions. Specifically, we linearize the Rotary Inverted Pendulum (RIP) system and construct a Kalman filter state
estimator for application in both the LQG and MPC controllers with input and output constraints. We also assume
measurable and computable states when designing the LQR controller. Through simulation and experimentation, we
demonstrate that, despite the equivalence in cost functions, the output response of MPC is significantly better than that
of both LQG and LQR. Our findings not only substantially bridge gaps in control theory but also emphasize the
robustness of MPC in complex real-world applications. These insights pave the way for more effective and reliable

control strategies across various engineering fields.

Keywords: Rotary inverted pendulum, Model Predictive Control, LOQR, LQG, Kalman filter.

1. Introduction

A control system designed to operate in its
optimal mode is one that always remains in an optimal
state according to a certain quality criterion (achieving
an extreme value) [1]. Therefore, from the 1980s to
present, numerous research studies have been conducted
[2], including methods such as classical Euler-Lagrange
variable transformation [3], Bellman’s dynamic
programming [4], Pontryagin’s minimum principle [1],
LQR control [5], LQG control [6], MPC [7].

In 1960, Kalman introduced LQR and LQG,
which represented a significant advancement, as MIMO
problems had previously been designed using the
“successive loop-closure” approach, often yielding
suboptimal results, such as poorly coordinated controls
that interfere with each other, wasting control authority
[2], Since then, these methods have found numerous
practical applications, such as aircraft system control [8],
control of the longitudinal flight dynamics of a fixed-
wing UAV [9] and oxygen stoichiometry control [10],...

Unlike LQR and LQG, at each time step, an MPC
controller receives or estimates the plant’s current state.
It then calculates a sequence of control actions that
minimize the cost over the horizon by solving a
constrained optimization problem based on an internal
plant model and the current system state. The controller
then applies only the first computed control action to the
plant, discarding the rest. This process repeats at each
subsequent time step [11, 12]. Due to this approach,
MPC algorithms provide excellent control quality,
particularly for Multiple-Input Multiple-Output (MIMO)

systems [13]. This explains why various MPC
algorithms have been applied in numerous fields on an
industrial scale, including process industries, oil
refineries [12], process control [14], autonomous
vehicles [15], robotics [16], and even in medical/health
sciences [17].

When cost function is quadratic, plant is linear
and without constraints, and the horizon tends to infinity,
MPC is equivalent to LQG control (or to an LQR control
if the plant states are measured and no estimator is used)
[11, 18]. Because of these characteristics, our research
team aims to compare these three controllers on a RIP —
a system that is relatively easy to construct yet exhibits
nonlinear, unstable characteristics that are challenging to
control [19, 20]. For these three controllers, we use a
linearized model at the operating point for controller
design. Although our MPC design employs a finite
prediction horizon with input and output constraints,
which may lead to a trade-off in controller performance
to avoid violating soft output constraints [21], we have
designed all three controllers with identical cost function
parameters to compare the superior performance of the
MPC controller relative to LQG and LQR in both
simulations and experiments.

In [22], the authors modeled and linearized the
RIP at the equilibrium operating point to design both
MPC and LQR controllers. In that study, the controller
parameters were set with the goal of achieving the same
response in the arm angle to demonstrate that MPC
controller’s tracking performance in arm angle reference
signal was superior to that of LQR. Building on these
findings, in this paper, we aim to compare the response
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of three controllers when they share the same cost
function weights. We will redesign parameters of MPC
and LQR controllers to ensure that they have identical
cost function weights. Additionally, we will specify
Kalman state estimator used in MPC and apply this
estimator to LQR controller, converting it into an LQG
controller. We then conduct simulations and experiments
on RIP to verify responses of three controllers.

2. RIP Model

RIP is a system consisting of an arm and a
pendulum, with a DC motor mounted at the end of the
arm. The pendulum is always stable in the downward
position but unstable in the upright position. Therefore,
the objective is to design a controller to keep the
pendulum upright and move the arm along a predefined
trajectory. The model structure is shown in Fig. 1, For
details a reader can be referenced to [22].
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Fig. 1. RIP St;r;ucture.
3. Design of MPC controller

MPC uses plant, disturbance, and noise models
for prediction and state estimation. The model structure
used for the MPC controller is illustrated in Fig. 2 [18].
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Fig. 2. The model structure used in an MPC controller.

» Controller parameters

- Sample time: Ts =0.01s

- Prediction horizon: P =50
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The state equations describing the disturbances
shown in Fig. 2 are described as follows[18, 23]:
» Output disturbance model
Since the most common disturbance is an
unmeasured step disturbance added to the output of the
system, the input to the disturbance model will be white
noise with a mean value of zero and unit variance [24]
Therefore, we choose the output disturbance
model of the system as follows:

{xod (K+1) = Ay Xoq (K)+ BogWyq (K)
yod :Codxod (k)+ Dodwod (k)
Xog (K+1) =X,y +0.01w,, (k)

=] e 00 a0

Where:
* Y, isdisturbance added to output of the system.
e w,, : which is white noise with a mean value of
zero and unit variance.
» Measurement Noise Model
Assuming that the measurable disturbance added
to the system is white noise, we have the disturbance
model for the system as follows:

X, (k+1)= Ax, (K)+Bw, (K)
yn (k):Cnxn(k)+Dan(k)
10
k)= k
Where:
e y.: which is the measurable noise added to the

output of the system.
e w,: which is white noise with a mean value of
zero and unit variance.
> State observer
Combination of the models shown in Fig. 2 yields
the state observer[25]:
X (k+1) = Ax (k)+Bu, (k) 3)
y(K)=Cx, (K)+Du, (k)

o))

@

Where:
e u (k):[uT (k) wy (k) w, (k)]
1 0.001 0.0008 0 0
A O 0 09832 0.1636 -0.00143 0
d A:{O A }z 0 0 1.003 0.01 0
! 0 -0.0105 05142 09% 0
0 0 0 0 1
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» State estimation
The controller uses a steady-state Kalman filter
that is derived from the state observer. MPC estimates
the state of the system with the following state equation
for the estimator [25]:

X, (k+1]k)=Ax (k|k-1)+Bu(k)+Le(k) (4)
The current estimator generates the state
estimates x_(k|k):
X, (k1k)=x, (k| k-1)+Me(k) (5)
With e(k) being calculated as follows:

e(k) =y, (k)-[Cpx (kIk-1)+D,v(k)] (6)
Where:
x, (k| k—1): Controller  state
previous control interval, k-1
o u(k—1): Manipulated variable (MV) actually used

in the system from k-1 to k.
e v(k): Current measured disturbances

estimate  from

ey, (k): System output measured at current time.
e B,: The

u

corresponds to the inputu (k).

observation parameter column B

e C, : The observation parameter rows C correspond
to the output of the measured system.
e D, : The rows and columns of the observation

parameter D correspond to the output of the
measured system and the measured noise input.
e L,M: Constant Kalman gain matrices.

» Calculating the gain for the Kalman filter
Consider a discrete RIP with known inputs u,
white process noise w, and white measurement noise v:

{ x(k+1)= Ax(k)+B,u(k)+Gw(k) 0
y(k)=C,x(k)+Dyu(k)+Hw(k)+v(k)

Without loss of generality, u(k)=0;v(k)=0

w' (k):[wld (k) w, (k)]

Covariance matrices are calculated as follows [25]:

Q=E{Bww'B"|=BB'
0 00008 0  0.0005
0.008 0.159 0.0005 0.0993

o O O

(8)
=| 0 00005 0  0.0003
0.0005 0.0993 0.0003 0.0621 0
0 0 0 0  0.0001
10
R=E{Dww'D'|=DD' = (9)
01

T
0000O0O

N =E{Bww'D"}|=BD' = (10)
00000

Here, E{...} denotes the expectation.

The matrices L and M will be solved from the
Riccati equation [6]. For simplicity in calculations, the
author uses the 'kalman' command in Matlab, resulting in
the gain matrices M and L as follows:

SNY
(11)
=kalman(ss(A[B, G].C,.[D H]Ts),QR,N)
[0.0723  0.0317 00696  0.029
0.2659  0.2788 0.2674 02612
L=| 00214 0.1524 |; M=| 00198 01424 | (12)
0.1681 1.0357 01615  0.9695
|-0.0001 -0.0093 ~0.0001 -0.0093
where
1 0001 00008 0 0
0 09832 0.1636 -0.00143 0
A=|0 0 1003 001 Of;
0 -0.0105 05142 099 0
0o 0 0 o 1
0.0002 10000
0.0398 01000 0
B, =[0.0001;G=(0 0 1 0 0}; Dszu—M,
0.0249 00010
0 00001
10001 00000
C =C= ‘H= : T.=0.01
" {00101} {00000}s

4. Design of LQR Controller

As mentioned in the previous study on the LQR
algorithm [22] the author selects the weight matrices Q,
R as follows:

25 0
0
50

0

' R=0.1 (13)

O

Il
©o o o o
o o o o
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The solution to the problem to obtain the matrix
K is the solution of the Riccati equation [5]:

K =[-14.085 -7.794 14659 223]  (14)

5. Design of LQG Controller

LQG control method is a combination of LQR
controller and Kalman state estimator, as in Fig. 3[26]:
w, Process noise v, Measurement noise

bt
Kalman filter — RIP

Fig. 3. Diagram of LQG control.

The Kalman state estimator is referenced with the
state equation of the system mentioned in (7). State
estimation equations are referred to in (4), (5). Gain
matrices L and M are calculated in (12). The gain matrix
K is calculated in (14).

6. Results of Simulation

To simulate the responses of the three controllers
MPC, LOR, and LQG, the author constructed the
diagram using MATLAB Simulink as follows:
J—1
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[
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Fig. 4. Simulation diagram of the controllers.

Where LQR controller block is designed as
follows:

:

H@—»m—mu—m—bcj)

g

Fig. 5. Internal diagram of the LQR controller.

The LQG controller block is designed as follows:

ZeraOrder
Holdt

Fig. 6. Internal diagram of the LQG controller.

The MPC controller block is taken from the
library provided by MATLAB Simulink.
The author initializes the simulation system with

the initial state x=[0 0 0 0]T and allows the arm
angle (angle a) to follow the reference signal
f =0(rad) for the first 0.5 seconds and f =1(rad)
after, pendulum angle (angle B) tracks the reference
signal f =0(rad), with the power noise set to 107. The
simulation results for all three controllers are plotted on
the same axes, corresponding to the pendulum angle
response, the arm angle response, and the control
voltage, respectively from top to bottom:
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Fig. 7. Responses of three controllers during simulation.

= The simulation results show that:

- Notably, when there is an abrupt change in the
reference signal, the output response at the arm angle
and the control voltage of the MPC controller does not

exceed the  constraint  limits —%sﬁgz,

6
12 <u <12(v) while still ensuring system stability.

- With a stability criterion of 2%, there are clear
differences in the arm angle response among the three
controllers. The rise times for the LQR controller

t,(LQR)=0.9(s) ,MPC controller t,(MPC)=1.33(s),
and LQG controller t,(LQG)=1.87(s). The MPC has

sacrificed control performance to ensure that constraints
are not violated. For the LQG controller, due to state
estimation and not providing real-time optimal control
signals like the MPC, the response in the arm angle has a
longer rise time and exhibits an overshoot.
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- MPC solves optimization problem at each sampling
interval based on estimated output of the system, but
estimated values are not entirely accurate. In contrast,
the LQR does not have an estimator and is therefore
significantly affected by noise. Consequently, we
observe that the average control voltage of LOR is the
highest, while that of the LQG is the lowest.

7. Results of Experiment

From the basic model structure in Fig. 1 the
author developed the RIP system hardware for
experimentation, as shown in the following figure:

USB UART CP2102

Encoder
STM32F407VE

Drive HI216

Pendulum

/

FH W
ﬂﬂi o b _
Fig. 8. Hardware platform of RIP.
The model we experimented with is the same
model mentioned previously, for details a reader can be
referenced to [22].
We set the reference signal for the arm angle to
change from 0 rad to 1 rad. The experimental results are
plotted on the same response graph, as shown below:

Arm Angle
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- ---Reference
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Fig. 9. Arm angle response.
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Fig. 10. Pendulum angle response.
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Fig. 11. Control voltage of the RIP system.

We use the Root Mean Square Error (RMSE)
criterion to evaluate the expected values against the
measured values. The results of the calculations are
presented in the table below:

Tab. 1. Quality of the RIP according to the Root Mean
Square Error standard.

=]

Controler a(rad) B(rad) u(v)
LQG 0.341 0.015 0.308
LQR 0.061 0.007 1.75
MPC 0.073 0.005 0.8

= The experimental results show that:

The responses in the pendulum angle and arm angle
oscillate around the reference value, which is
significantly different from the simulation results. This
is because the experimental model is affected by signal
wiring, which inadvertently creates a torque moment
when the arm moves. This indicates that the system is
influenced not just by white noise, as in the simulation.

Arm angle response of LQR controller has the
smallest RMSE index; however, in Fig. 9 , it shows
poor response at certain moments. This is due to
influence of system noise generated, and the control
voltage has the highest RMSE value.

Results also indicate that the RMSE index for the
arm angle and pendulum angle responses of LQG
controller is significantly worse than that of the other
two controllers, with larger amplitude oscillations in
the curves. This shows that for the LQG controller,
selecting parameters for Kalman state estimator is
crucial to closely estimate the actual state of the
system. Notably, control voltage for LQG controller
has the smallest RMSE index.

We also observe that the response of the MPC
controller is the best. The RMSE response index for
the arm angle of the MPC controller is only 0.012 (rad)
higher than that of the LQR controller and lower by
0.002 (rad) for the pendulum angle, with the control
voltage also significantly lower. Although all three
controllers have the same objective function weights,
both the MPC and LQG controllers share the same
state estimator, yet the MPC exhibits less oscillation in
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the curves and is particularly more stable than the
LQR. This demonstrates the superiority of MPC when
performing runtime optimization and alleviates the
difficulties in selecting parameters for the state
estimator, unlike LQG.

8. Conclusions

The authors have developed three controllers with
controller parameters having the same objective function
weights. At the same time, a Kalman state estimator has
been constructed for both MPC and LQG control. After
simulating and testing all three controllers LQG, LQR,
and MPC on the RIP system, in addition to the
conclusions mentioned in the previous study [22], we
observed that despite LQG and LQR solving the
optimization problem over the entire prediction horizon,
while MPC solves the optimization problem at each
sampling point, MPC yields more favorable
experimental results when the same optimization
criterion is applied.
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