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Abstract: This paper presents a comparison of the three distinctive well-known control techniques, including Linear
Quadratic Regulator (for short, LQR), Sliding Mode Control (for short, SMC), and Fuzzy Logic Control (for short,
FLC). Each controller is in a different control category; LQR is an optimal controller employed in both linear and
nonlinear systems, SMC is a nonlinear controller commonly applied in a nonlinear system, and the Fuzzy controller is
the intelligent controller which can be archived by user’s experiment or other learning techniques. Beside the three main
controllers for stabilizing at the equilibrium point, the swing-up controller is designed based on energy-based method to
bring the system at the initial position close to the equilibrium points. Finally, the performance and the validity of the
three methods are verified through both simulation and experimental results.
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1. Introduction

Pendubot Robot, also known as Pendubot, is a
classical under-actuated mechanical system which has
the control inputs less than control actuators. The
pendubot system is considered to have a vital role in
scientific research, especially in control theory. Many
techniques for controlling the pendubot system have
been introduced in recent years, but only three of them
will be presented in this paper - Linear Quadratic
Regulator (LQR), Sliding Mode Controller(SMC), and
Fuzzy controller.

In [1], Hung.V.P examined two controllers - PID
and LQR combined with Genetic Algorithm (GA) to
optimize the controller’s parameters at an equilibrium
point. The control technique for the pendubot system
using Fuzzy logic was introduced in [2]. The authors in
both papers [1] and [2] only had their research in
simulation but not showing the experimental results. In
[3], The results in simulation and experiments in
controlling the pendubot system to stabilize at its
equilibrium point, swing up from the initial points, and
track the arbitrary wave, such as cosine wave, were
shown. However, the author only deep-dived into one
control technique, so it is hard to identify which
technique gives a better response for the pendubot

system. In [4], the authors designed the energy-based
method to swing up and balance the system at the
equilibrium points. The hierarchical sliding mode control
method presented in [5] was proven its capability of
controlling underactuated systems by the authors but
only in simulation. In [6], the ANFIS was introduced to
achieve the Fuzzy Logic rules to stabilize the system. In
this paper, we present a comparison of the three control
techniques, including LQR, SMC, and Fuzzy Control.
The swing-up controller for the pendubot system is
implemented by an energy-based method to bring the
system at the initial unstable position close to the
working points of the three controllers previously
mentioned. Both simulation and experimental results are
shown to evaluate.

This paper is organized in the following way. The
dynamic mathematical equations of the Pendulum Robot
system, including friction, are described in Section 2. In
Section 3, the proposed control techniques are designed.
Simulation and Experiment results are presented in
Section 4. The conclusion is presented in Section 5.

2. Dynamic System

Physical structure of Pendubot is shown in Fig 1.
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Fig. 1. Pendubot system.
The equations of motion in matrix form are presented
as follows:

M(@)G+V(a,4)d+G(a) =7 @

with 7 is the vector of torque applied to the link,

q={ql} : q{ﬂ ,andq:{gl} is the vector of
q2 q2 q2

joint motions and other parts are shown as follows

M (q) = {,31 + B, +2p5c08(0,) B+ Py COS(%)}

B, + B, cos(a,) B, )
V(q'Q){_ﬁfsssiLn(ﬁz))q(jz —,6'3sin(qz)qzo—ﬂssin(qz)ql} o

.9 cos(q,) + B cos(q, +a,

S o B
b= rnlllz + m2|12 ®)
B, = m2|022 (6)
Ps= mzlllz (7)
b= rnlll + m2|1 (8)
Bs=myl,g )
fs =mm, (10)

The vector of torque applied is transformed to
vector of voltage as given below:

7= alv_aZQI _aSql (11)
_Ke

a = R (12)
— Kt Kb

a, = R (13)

a,=J, (14)

The parameters of the Pendubot system are given
as below:

Tab. 1 Parameters of Pendubot system

Parameter | Value Unit Description

m, 0.16 kg Mass of 1%t link

Length of the 1%

I, 0.2 m el

Distance to
| 0.1 m center of mass
1c

(the 1% link)

2 | Inertia of the 1%

I, 0.00222 | kgm® | ..
m, 0.066 kg Mass of 2" link

Length of the 2
l, 0.22 m ik

Distance to
l,. 0.11 m center of mass

(the 1%t link)

2 | Inertia of the 1%

l, 0.00106 | kgm link

Motor  Torque
Kt 0.0198 Nm Calraa

Back EMF
Kb 0.0198 \Y Constant

Armature
Rm Se3ie Q Resistance

Equivalent
Jn 0.000134 | kgm? | moment of

inertia at the load
Voltage applied
to DC motor

Y NA V

3. Control Techniques
3.1. Energy-Based Method

Now, we denote x as g, linearizing the system
around the equilibrium position as follows

X:[Xl X, X3 X4]=[q1 4 d, qz]

The initial position of Xis

Kt :[Xl_init Xy it %s_init X4_init:|=[0 00 O]
Where

X, and X, are the angular position of link 1 and link 2,
respectively.

X,and X, are angular velocity of link 1 and link 2,

respectively.

The newly formed equations of system from
(2),(3), and (4) are substituted into (1) to achive
(15),(16),(17), and (18).

X =X (15)
X, = f,(x)+b,(x)u (16)
X =X, (17)
X, = f,(x) +b,(x)u (18)
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with f (x), b (x), f,(X),b,(X),and u are presented in the Table 2 below.

Tab. 2 Parts of the newly formed system.

Xlqu
Xzqu
stqz
X4:q2

f,(x)=

(ﬂszxzz Sin(x1 - X3)COS(X1 - Xs)_ﬂaﬂs COS(X1 - Xs)Sin X _ﬂzazxz +ﬂzﬂ4g sin X _ﬂzﬂax42 sin (Xl - Xs))

ﬂz (ﬂ1+a3 _ZCOS(Xl_Xs)(ﬂs_ﬂs))_ﬂsz COS(Xl—Xg)Z

by (x) =

2./

By (B +a,—2c08(% —%,) (B, = )~ B cos (% — %)

Where

A(x)

1

f, ()= A(X)* A, (x) - A () * A, (%)

1

AX)

Where

Ax) =

A= faisin(x-x,
AB(X) = ﬁaXAZ sin (Xi X

) ﬂ32 COSZ (X1 _X3)_ﬂ1ﬂ2
A(X)=[A ()= A (X)+A (x)+ A (X)]

ﬂs (ﬂz +ﬁ3 COS(X1 _Xs))

)(ﬂ1+ﬂ3
)

) asﬂz _ﬂlﬂz +ﬂ32 COSZ(Xi—X3);
Az(x) = _ﬂzazxz "’ﬂazxzz COS(X1 - Xs)Sin(Xi - X3)_ﬂ2ﬂ4g COS[X1 _%)"'ﬂzﬁsxz:z sin (X1 - Xs)"’ﬂsﬂsg COS(Xl - XS)COS(X3 _%ﬂ

A(X) = Bgsinx; (B, + B, cos(x, - x,))

8

X,

cos(x, - ,))

(ﬂz +ﬁ3 COS(Xi_Xs))

+ 2 ol
a'sﬂa _ﬂ1ﬂ2 +ﬂ3 cos (X1 _Xs)

=BoaX, + B, €os(% — X, )sin(x —X; )+

* _ﬂzﬁ4g COS(Xl _%j+ﬂzﬂsx42 Sin(xi - X3)+ +ﬁ4g sin X

+, 5,9 c0s (X, —xg)cos(x3 —%j

A

a + fa8,

bz(x)_

- asﬂz _131:32 +ﬂ32 COSZ (Xl _Xs) B 1832 COSZ (X1 _X3)_ﬂ1ﬂ2

u=rz

The Lyapunov function for the energy-based

method :

1 2 1 2 2
V ZEKE(E_EO) +§prl +§de3

1 (19)

V =K, (E-E,)E + K XX, + KyX,X, (20)

the Energy-based controller.

with K, Kp,and K, are the coefficients of

We have the energy equation and its derivation as

follows
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1 0 1 0 0
E=2x2(mI2+ml” +2m L1, cos(x,)+ 1, + |
e Mele + M+ 2mall; Cos) + o +) | 542681 -11.3475 626168 O »
XX (M2 + 1, +mLL cos(x,)) o 0 0 1 (@9)
1, -51.7634 13.9007 91.4205 O
+EX4 (m,l; +1,)+m,gl, cos(x,) 0
+m,l,g cos(x, + X,) +m,gl; cos(x,) | 113.4750 (30)
E = -bx? —b,x? + x,u (22) B 0
The desired energy at zero presented as follows —~139.0068
E, =mygl, +m,gl, +m,gl, 23) 1 000
We have the control rule as follow 0100
=b1Ke(E_EO)_KpX1_Kd f,—Kx, (24) Q= 00 1 0 (31)
K. (E—Eg) +Kyby (x)
If the input U is applied to the system, the 0001
derivative Lyapunov function is negative in (30) R=1 (32)
The control rule above ensures the system By solving the Ricaccti equations as follow
T -1pT
asymptotically stablize at the equilibrium points A'S+SA-SBR™B'S+Q=0 (33)
arcoding to [4]. The parameters are chosen by trial and
error. We , finally, achieve the final result for the gain K.
3.2. Linear Quadratic Regulator (LQR) K =[-70.44-20.555—-69.72 —18.05] (34)
The state space representation of Pendubot is 3.3 Sliding Mode control
presented as follows:
X=Ax+Bu (26) T
g
With 7
[T T Y 5 5
OX, OX, OX; OX,
O Ok K 0% L ‘L, L Ta
8X1 8X2 8X3 8X4 Fig. 2. The structure of the hierachical SMC.
A=| . . . @7)
Ky Xy Xy OXg The sliding mode surfaces are chosen arcoding to
6X1 Ox OX. X [5], or the structure in Fig.2, we have those as follows
2 3 4
S, =K + X (35)
ox, o, %, 0%, 17 P N
X X, ox ox, S, =Ky anXe T X, (36)
Mo, ] ) Sy =Ky S +S, 37
ou with K; o0 Ky gneoand Ky o are the coefficients
OX, of the SMC controller.
B = au (28) To achieve the final input torque to the system , we first
OX, applied the Lyapunov technique
N 1 (38)
ou V=282
X, 2
- Next, we take derivative ¥
Following the value in Tab. 1, we have value of A I
and B matrices as given below: = KB_SmC KX, + Kz_smcx4 + KS_SmC)'(2 +X,
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To make sure that all the sliding surface reach zero, we
must have V(t} = 0 when t approaches to infinity, the
S

S, =—5sign(S;) (40)

With & is the coefficient of the SMC controller.

From (16),(18),(19),(20),(21), (22), and (45) we achieve
that final input as follows

u= (41)
_K3_smc Kl_smcxz B Kz_schA B K3_smc fl(x) - fz (X) _§Sign(sa)
Kstmcbl(X)-I-bz(X)

The input (40) makes sure the derivative of ¥ always be
less than zero if all the coefficients are larger than zero.

V =8,5,=—5]S,|<0 (42)

3.4. Fuzzy Control
3.4.1. Adaptive Neuro Fuzzy Inference System

To achieve the Fuzzy rules, in this paper, we
applied the ANFIS (Adaptive neuro fuzzy inference
system) technique in MATLAB software. [6]

Parameters chosen for the training batch :
Membership function : 3

Number of input mfs : [4 3 4 3]

Membership type : Gauss

Number of epoch : 8

Optimization method : Hybrid

The data used for the training are achieved
through the LQR control in (29),(30),(31),(32).

[ ——rE D—|—:|
= e g Rl

=
’_J—'**‘I = S

Fig .3 The training program in Simulink.

3.4.2. The training results
Tab. 3. The training results.

Designated epoch number reached. ANFIS training completed at epoch
2.
Minimal training RMSE = 8.49123e-05
ANFIS info:
Number of nodes: 323
Number of linear parameters: 144
Number of nonlinear parameters: 42

Total number of parameters: 186
Number of training data pairs: 20001
Number of checking data pairs: @
Number of fuzzy rules: 144
Start training ANFIS ...
1 8.49123e-05
2 0.00317121
Designated epoch number reached. ANFIS training completed at epoch
2.
Minimal training RMSE = 8.49123e-05

The result shown in Tab. 3 means that the Fuzzy
controller controlling the pendubot system had the same
value outputs as the LQR did to the system.

4. Final Results
The swing-up control from (24) brings the system
to the equilibrium point with the choices of coefficients

as follows K, =33,K, =255 ,K =87, K, =8,

and then switches to one of the three controllers, SMC,
LQR, and Fuzzy, to stabilize.
The coefficients of the SMC are chosen as

follows K, . =8,K, . =85, K, =117,
and 0 =6.57
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Fig. 4. The system response the swing-up controller.

The energy-based method makes sure the 1%
pendulum reaching to its equilibrium first, then swings
the 1% pendulum to create torque for the 2" pendulum to
gradually increase its energy until it reaches the desired
energy value as in (23) and then switches to one of the
three controllers , SMC,LQR, and Fuzzy at the 18"
seconds in Fig.4. Intuitively, the transient time for the
pendubot using the energy-based method s
approximately 17 seconds due to the choices of the
coefficients, it could be better if we do more tests to find
the best coefficients or use some searching methods such
as Genetic Algorithm.

It also includes the signal of stabilizing the
system of the three controllers, but it will be shown more
clear in Fig.5.
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Fig. 5. The response of each controller.

When we zoom in between 18.5 seconds to 22.5 amplitude of the fuzzy controller seems smaller or better
seconds, we can see each transient of the three than others. The three proposed controllers have the
controllers. As no noise is applied to the system, the capability to stable at the equilibrium point.
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Fig. 6. The system response when having noise.
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